Abstract. This is an article prepared for the proceedings of the ICM 2018. In the study of automorphic representations over a function field, Hitchin moduli stack and its variants naturally appear and their geometry helps the comparison of trace formulae. We give a survey on applications of this observation to a relative fundamental lemma, the arithmetic fundamental lemma and to the higher Gross-Zagier formula.
1. Introduction 1.1. Hitchin's original construction. In an influential paper by Hitchin [10] , he introduced the famous integrable system, the moduli space of Higgs bundles. Let X be a smooth proper and geometrically connected curve over a field k. Let G be a connected reductive group over k. Let L be a line bundle over X. An L-twisted G-Higgs bundle over X is a pair (E, ϕ) where E is a principal G-bundle over X and ϕ is a global section of the vector bundle Ad(E) ⊗ L over X. Here, Ad(E) is the vector bundle associated to E and the adjoint representation of G. The moduli stack M G,L of L-twisted Higgs G-bundles over X is called the Hitchin moduli stack. Hitchin defined a map
to some affine space A G,L by collecting invariants of ϕ such as its trace and determinant in the case G = GL n . The map f is called the Hitchin fibration. When L = ω X is the line bundle of 1-forms on X, Hitchin showed that f exhibited the stable part of M G,ω X as a completely integrable system. He also gave concrete descriptions of the fibers of f in terms of spectral curves.
Applications in geometric representation theory.
Although discovered in the context of Yang-Mills theory, Hitchin moduli stacks have subsequently played important roles in the development of geometric representation theory. When L = ω X , M G,ω X is essentially the total space of the cotangent bundle of the moduli stack Bun G of G-bundles over X. Therefore the categories of twisted D-modules on Bun G give quantizations of M G,ω X . Beilinson and Drinfeld studied such quantizations and used them to realize part of the geometric Langlands correspondence (namely when the G-connection comes from an oper). This can be viewed as a global analogue of the Beilinson-Bernstein localization theorem. A related construction in positive characteristic was initiated by Bezrukavnikov and Braverman [4] for GL n and extended to any reductive G by T-H.Chen and X.Zhu [5] . Hitchin's integrable system also plays a key role in the work of Kapustin and Witten [13] which ties geometric Langlands correspondence to quantum field theory.
Hitchin moduli stacks have also been used to construct representations of the double affine Hecke algebra, giving global analogues of Springer representations. See [24] , [25] and [19] . 1.3 . Applications in automorphic representation theory. B.C. Ngô [16] made the fundamental observation that point-counting on Hitchin fibers is closely related to orbital integrals that appear in the study of automorphic representations. This observation, along with ingenious technical work, allowed Ngô to prove the Lie algebra version of the Fundamental Lemma conjectured by Langlands and Shelstad in the function field case, see [17] .
Group versions of the Hitchin moduli stack were introduced by Ngô using Vinberg semigroups. They are directly related to the Arthur-Selberg trace formula, as we will briefly review in Section 2.1. See recent works by [18] , [2] and [3] for applications of group versions of the Hitchin moduli stack.
1.4. Contents of this report. This report will focus on further applications of variants of Hitchin moduli stacks to automorphic representation theory.
In Section 2, we explain, in heuristic terms, why Hitchin-type moduli stacks naturally show up in the study of Arthur-Selberg trace formula and more generally, relative trace formulae. A relative trace formula calculates the L 2 -pairing of two distributions on the space of automorphic forms of G given by two subgroups. Such pairings, when restricted to cuspidal automorphic representations, are often related to special values of automorphic L-functions. In Section 2.3, we will elaborate on the relative trace formulae introduced by Jacquet and Rallis, for which the fundamental lemma was proved in [23] .
In Section 3, we point out a new direction initiated in the works [29] , [27] and [28] . Drinfeld introduced the moduli stack of Shtukas as an analogue of Shimura varieties for function fields, which turns out to allow richer variants than Shimura varieties. Cohomology classes of these moduli of Shtukas generalize the notion of automorphic forms. In Section 3.1 we review the basic definitions of Shtukas, and discuss the spectral decomposition for the cohomology of moduli of Shtukas. In Section 3.2, we introduce Heegner-Drinfeld cycles on the moduli of G-Shtukas coming from subgroups H of G. The relative trace in the context of Shtukas is then defined in Section 3.3 as the intersection pairing of two Heegner-Drinfeld cycles. We believe that such pairings, when restricted to the isotypical component of a cuspidal automorphic representation, are often related to higher derivatives of automorphic L-functions. We then explain why Hitchintype moduli stacks continue to play a key role in the Shtuka context, and what new geometric ingredients are needed to study relative trace formulae in this setting.
In Section 3.4-3.5 we survey what has been proven in this new direction. In Section 3.4, we review [27] and [28] , in which we obtain formulae relating higher derivatives of automorphic L-functions for PGL 2 and the intersection numbers of Heegner-Drinfeld cycles. Our results generalize the Gross-Zagier formula in the function field case. In Section 3.5 we discuss the analogue of the fundamental lemma in the Shtuka setting. This was originally conjectured by W.Zhang under the name arithmetic fundamental lemma. We state an extension of his conjecture for function fields involving higher derivatives of orbital integrals, and sketch our strategy to prove it.
Hitchin moduli stack and trace formulae
Throughout this article we fix a finite field k = F q . Let X be a smooth, projective and geometrically connected curve over k of genus g. Let F = k(X) be the function field of X. The places of F can be identified with the set |X| of closed points of X. Let A denote the ring of adèles of F . For x ∈ |X|, let O x be the completed local ring of X at x, and F x (resp. k x ) be its fraction field (resp. residue field). We also use ̟ x to denote a uniformizer of O x .
In this section we work with the classical notion of automorphic forms for groups over function fields. We shall briefly review the Arthur-Selberg trace formula and the relative trace formulae, and explain why Hitchin type moduli stacks naturally show up in the study of these trace formulae.
2.1. Arthur-Selberg trace formula. The Arthur-Selberg trace formula is an important tool in the theory of automorphic representations. For a detailed introduction to the theory over a number field we recommend Arthur's article [1] . Here we focus on the function field case. The idea that Hitchin moduli stacks give a geometric interpretation of Arthur-Selberg trace formula is due to B.C. Ngô. For more details, we refer to [16] for the Lie algebra version, and [8] for the group version.
We ignore the issue of convergence in the discussion (i.e., we pretend to be working with an anisotropic group G), but we remark that the convergence issue lies at the heart of the theory of Arthur and we are just interpreting the easy part of his theory from a geometric perspective.
2.1.1. The classical setup. Let G be a split connected reductive group over k and we view it as a group scheme over X (hence over F ) by base change. Automorphic forms for G are C-valued smooth functions on the coset space G(F )\G(A). Fix a Haar measure µ G on G(A). Let A be the space of automorphic forms for G. For any smooth compactly supported function f on G(A), it acts on A by right convolution R(f ).
The Arthur-Selberg trace formula aims to express the trace of R(f ) on A in two different ways: one as a sum over conjugacy classes of G(F ) (the geometric expansion) and the other as a sum over automorphic representations (the spectral expansion). The primitive form of the geometric expansion reads
where γ runs over G(F )-conjugacy classes in G(F ), and J γ (f ) is the orbital integral
where µ Gγ is any Haar measure on the centralizer G γ (A) of γ. We write the equality sign in quotation marks 1 to indicate that the convergence issue has been ignored in (2.1). We will give a geometric interpretation of the geometric expansion.
Fix a compact open subgroup K = x∈|X| K x ⊂ G(A) and assume vol(K, µ G ) = 1. Let A K = C c (G(F )\G(A)/K) on which the Hecke algebra C c (K\G(A)/K) acts. For g ∈ G(A), there is a Hecke correspondence attached to the double coset KgK ⊂ G(A)
where p 0 is the natural projection and q 0 is induced by right multiplication by g. The action of f = 1 KgK on A K is given by ϕ → q 0! p * 0 ϕ, where q 0! means summing over the fibers of q 0 .
Upon ignoring convergence issues, the trace of R(1 KgK ) on A K is equal to the cardinality of the restriction of G(F )\G(A)/(K ∩ gKg −1 ) to the diagonal G(F )\G(A)/K via the maps (p 0 , q 0 ). In other words, we should form the pullback diagram of groupoids
and we have a heuristic identity
Here #X of a groupoid X is a counting of isomorphism classes of objects in X weighted by the reciprocals of the sizes of automorphism groups.
It was observed by Weil that the double coset groupoid G(F )\G(A)/K 0 is naturally isomorphic to the groupoid of G-bundles over X that are trivial at the generic point of X. In fact, starting from g = (g x ) ∈ G(A), one assigns the G-bundle on X that is glued from the trivial bundles on the generic point Spec F and the formal disks Spec O x via the "transition matrices" g x . For a compact open K ⊂ K 0 , one can similarly interpret G(F )\G(A)/K as the groupoid of G-bundles with K-level structures. There is an algebraic stack Bun G,K classifying G-bundles on X with K-level structures, and the above observation can be rephrased as a fully faithful embedding of groupoids
A priori, the groupoid Bun G,K (k) contains also G-bundles that are not trivial at the generic point, or equivalently G ′ -bundles for certain inner forms G ′ of G. Since we assume G is split, the embedding (2.5) is in fact an equivalence.
In the same spirit, we interpret G(F )\G(A)/(K ∩ gKg −1 ) as the groupoid of triples (E, E ′ , α) where E, E ′ are G-bundles with K-level structures on X, and α : E E ′ is a rational isomorphism between E and E ′ (i.e., an isomorphism of G-bundles over the generic point Spec F ) such that the relative position of E and E ′ at each closed point x ∈ |X| is given by the double coset K x g x K x . For example, when G = GL n , K x = GL n (O x ) and g x = diag(̟ x , 1, · · · , 1), then α has relative position K x g x K x at x if and only if α extends to a homomorphism α x : E| Spec Ox → E ′ | Spec Ox , and that coker(α x ) is one-dimensional over the residue field k x . There is a moduli stack Hk G,KgK classifying such triples (E, E ′ , α). The above discussion can be rephrased as an equivalence of groupoids
Moreover, Hk G,KgK is equipped with two maps to Bun G,K by recording E and E ′ , which allow us to view it as a self-correspondence of Bun G,K
Under the equivalences (2.5) and (2.6), the diagram (2.7) becomes the diagram (2.2) after taking k-points. 
By the defining Cartesian diagram (2.8), M G,KgK classifies pairs (E, ϕ) where E is a G-bundle over X with K-level structures, and ϕ : E E is a rational automorphism with relative position given by KgK.
Recall the classical Hitchin moduli stack M G,L in Section 1.1. If we write L = O X (D) for some effective divisor D, M G,L then classifies pairs (E, ϕ) where E is a G-bundle over X and ϕ is a rational section of Ad(E) (an infinitesimal automorphism of E) with poles controlled by D. Therefore M G,L can be viewed as a Lie algebra version of M G,KgK , and M G,KgK is a group version of M G,L .
Let C G be the GIT quotient of G by the conjugation action of G; C G (F ) is the set of stable conjugacy classes in G(F ). There is an affine scheme B G,KgK classifying rational maps X C G with poles controlled by KgK. The Hitchin fibration (1.1) has an analogue (2.9)
Using the map h G , the counting of M G,KgK , hence the trace of R(1 KgK ), can be decomposed into a sum over certain stable conjugacy classes a (2.10)
Here M G,KgK (a) (a stack over k) is the fiber h −1 G (a). To tie back to the classical story, #M G,KgK (a)(k) is in fact a sum of orbital integrals
over G(F )-conjugacy classes γ that belong to the stable conjugacy class a.
By the Lefschetz trace formula, we can rewrite (2.10) as
This formula relates the Arthur-Selberg trace to the direct image complex of the Hitchin fibration h G (called the Hitchin complex for G). Although it is still difficult to get a closed formula for each term in (2.11), this geometric point of view can be powerful in comparing traces for two different groups G and H by relating their Hitchin bases and Hitchin complexes.
In the work of Ngô [17] , where the Lie algebra version was considered, the Hitchin complex was studied in depth using tools such as perverse sheaves and the decomposition theorem. When H is an endoscopic group of G, Ngô shows that the stable part of the Hitchin complex for H appears as a direct summand of the Hitchin complex for G, from which he deduces the Langlands-Shelstad fundamental lemma for Lie algebras over function fields.
Relative trace formulae.
2.2.1. Periods of automorphic forms. For simplicity we assume G is semisimple. Let H ⊂ G be a subgroup defined over F , and µ H a Haar measure on H(A). For a cuspidal automorphic representation π of G(A), the linear functional on π
is called the H-period of π. It factors through the space of coinvariants π H(A) .
One can also consider variants where we integrate ϕ against an automorphic character χ of H(A). If π has nonzero H-period, it is called H-distinguished. Distinguished representations are used to characterize important classes of automorphic representations such as those coming by functoriality from another group. In case the local coinvariants (π x ) H(Fx) are one-dimensional for almost all places x (as in the case for many spherical subgroups of G), one expects the period P G H,π to be related to special values of L-functions of π.
2.2.2.
Example. Let G = PGL 2 and H = A be the diagonal torus. Then by Hecke's theory, for a suitably chosen
2.2.3.
Relative trace formulae. Now suppose H 1 , H 2 are two subgroups of G. Let π be a cuspidal automorphic representation of G(A) and π its contragradient. We get a bilinear form
are one-dimensional for all places x and i = 1, 2, the H 1 (A) × H 2 (A) invariant bilinear forms on π × π are unique up to scalar. Therefore
is a multiple of the natural pairing on π × π given by the Petersson inner product. This multiple is often related to special values of L-functions attached to π. For a systematic treatment of this topic, see the book by Sakellaridis and Venkatesh [20] . An important tool to study the pairing P G H 1 ,π ⊗ P G H 2 , π is the relative trace formula. We have natural maps of cosets (2.13)
Consider the push-forward of the constant functions on
. Since we will only give a heuristic discussion of the relative trace formula, we will pretend that the L 2 -pairing of two distributions makes sense. The relative trace of a test function
A variant of this construction is to replace the constant function 1 on
The relative trace formula is an equality between a spectral expansion of RTr
and a geometric expansion into a sum of orbital integrals
where H γ is the stabilizer of γ under the left-right translation on G by
There is a tautological map inv :
is an H i -bundle with K i -structure over X for i = 1, 2; α is a rational isomorphism between the G-bundles induced from E 1 and E 2 , with relative position given by KgK.
One can construct a scheme
with poles controlled by KgK, so that
, we may restrict α to the generic point of X and take its invariants as a rational map X C G
. This way we get a map of algebraic stacks
In the situation of Example 2. 
We may thus decompose the relative trace into a sum of point-counting along the fibers of the map (2.19)
The above formula relates the relative trace to the direct image complex Rh G H 1 ,H 2 ,! Q ℓ . As in the case of the Arthur-Selberg trace formula, we may apply sheaf-theoretic tools to study this direct image complex, especially when it comes to comparing two such complexes.
2.2.6. Example. Consider the case G = PGL 2 , and
is an injective map of coherent sheaves such that det(ϕ), viewed as a section of the line bundle L −1
The bi-A-invariant regular functions on G are generated by
To define the Hitchin map in this case, we write ϕ above as a matrix
On the other hand, ϕ 12 ϕ 21 gives another section of L −1
viewed as a section of O X (D) via the identification given by det(ϕ).
Although M G A,A,D is not of finite type, it is the disjoint union of finite type substacks indexed by a subset of
is of finite type. We may write
Relative fundamental lemma. In many cases we do not expect to prove closed formulae for relative traces of the form (2.14). Instead, for applications to problems on automorphic representations, it often suffices to establish an identity between relative traces for two different situations (G,
2.3.1. General format of RTF comparison. In order to establish such an identity, we need the following structures or results:
(1) There should be an isomorphism between the spaces of invariants C G
(2) (fundamental lemma) For almost all x ∈ |X|, and a x ∈ C G
(F x ), we should have an identity of local orbital integrals up to a transfer factor
. The geometric interpretation (2.20) of the relative trace gives a way to prove the fundamental lemma by comparing the direct image complexes of the Hitchin maps h G
. Below we discuss one such example.
2.3.2.
The relative trace formulae of Jacquet and Rallis. Jacquet and Rallis [12] proposed a relative trace formula approach to the Gan-Gross-Prasad conjecture for unitary groups. They considered two relative trace formulae, one involving general linear groups, and the other involving unitary groups. They formulated both the fundamental lemma and the smooth matching in this context as conjectures. In [23] , we used the geometric interpretation sketched in Section 2.2.4 to prove the fundamental lemma conjectured by Jacquet and Rallis, in the case of function fields. In the appendix to [23] , J.Gordon used model theory to deduce the mixed characteristic case from the function field case. On the other hand, W. Zhang [31] proved the smooth matching for the Jacquet-Rallis relative trace formula at non-archimedean places. Together with the fundamental lemma proved in [23] , W.Zhang deduced the Gan-Gross-Prasad conjecture for unitary groups under some local restrictions.
In the next two examples, we introduce the groups involved in the two trace formulae in [12] , and sketch the definition of the moduli stacks relevant to the orbital integrals. Since we proved the fundamental lemma by reducing to its Lie algebra analogue, our moduli stacks will be linearized versions of the Hitchin-type moduli stacks introduced in Section 2.2.4, which are closer to the classical Hitchin moduli stack.
2.3.3. Example. Let F ′ /F be a separable quadratic extension corresponding to a double cover ν :
The double quotient H 1 \G/H 2 can be identified with GL n−1 \S n , where
with GL n−1 acting by conjugation. The local orbital integral relevant to this relative trace formula is
Here η x is the character F × x → {±1} attached to the quadratic extension F ′ x /F x . The Lie algebra analogue of GL n−1 \S n is GL n−1 \(gl n ⊗ F F ′ − ) where F ′ − = (F ′ ) σ=−1 , and GL n−1 acts by conjugation. Let V n be the standard representation of GL n over F . It is more convenient to identify GL n−1 \(gl n ⊗ F F ′ − ) with
where (V n ×V * n ) 1 consists of (e, e * ) ∈ V n ×V * n such that e * (e) = 1, and GL n is acting diagonally on all factors (conjugation on the first factor). The GIT quotient C of Hom
We introduce the following moduli stack M which serves as a global avatar for the Lie algebra version of the orbital integrals appearing in this relative trace formula. Fix line bundles L and
The stack M classifies tuples (E, ϕ, s, s * ) where E is a vector bundle of rank n over X, ϕ : E → E ⊗ L − , s : L ′−1 → E and s * : E → L ′ are O X -linear maps of coherent sheaves. The "Hitchin base" B in this situation is the affine space 
Example. Let F ′ /F and ν : X ′ → X be as in Example 2.3.3. Let W n−1 be a Hermitian vector space of dimension n − 1 over F ′ . Let W n = W n−1 ⊕ F ′ e n with the Hermitian form (·, ·) extending that on W n−1 and such that W n−1 ⊥e n , (e n , e n ) = 1. Let U n and U n−1 be the unitary groups over F attached to W n and W n−1 . Consider G ′ = U n × U n−1 , and the subgroup
can be identified with the quotient U n−1 \U n where U n−1 acts by conjugation. For x ∈ |X|, the local orbital integral relevant to this relative trace formula is
The Lie algebra analogue of U n−1 \U n is U n−1 \u n , where u n , the Lie algebra of U n , consists of skew-self-adjoint endomorphisms of W n . As in the case of Example 2.3.3, we identify U n−1 \u n with U n \ u n × W 1 n where W 1 n is the set of vectors e ∈ W n such that (e, e) = 1. The GIT quotient of u n × W 1 n by U n can be identified with the space C introduced in Example 2.3.3. For (ψ, e) ∈ u n × W 1 n , its image in C is (a 1 (ψ), · · · , a n (ψ), b 1 , · · · , b n−1 ) where a i (ψ) ∈ (F ′ − ) ⊗i are the coefficients of the characteristic polynomial of ψ (as an endomorphism of W n ), and b i = (ψ i e, e) ∈ (F ′ − ) ⊗i , since σ(ψ i e, e) = (e, ψ i e) = (−1) i (ψ i e, e). We introduce a moduli stack N which serves as a global avatar for the Lie algebra version of the orbital integrals appearing in this relative trace formula. Fix line bundles L and L ′ on X. The stack N classifies tuples (F, h, ψ, t) where F is a vector bundle of rank n on X ′ , h : F ∼ → σ * F ∨ is a Hermitian form on F, ψ : F → F ⊗ ν * L is skew-self-adjoint with respect to h and t : ν * L ′−1 → F is an O X ′ -linear map. When ν is unramified, the base B introduced in Example 2.3.3 still serves as the Hitchin base for N . The Hitchin map g : N → B sends (F, h, ψ, t) to (a 1 (ψ), · · · , a n (ψ), b 0 , · · · , b n−1 ), where a i (ψ) are the coefficients of the characteristic polynomial of ψ, and Theorem ([23]) . Let x be a place of F such that F ′ /F is unramified over x and the Hermitian space W n,x has a self-dual lattices Λ n,x . Then for strongly regular semisimple elements γ ∈ S n (F x ) and δ ∈ U n (F x ) with the same invariants in C(F x ), we have (Λn,x) ) for some sign depending on the invariants of γ.
The main geometric observation in [23] is that both f : M → B and g : N → B are small maps when restricted to a certain open subset of B. This enables us to prove an isomorphism between the direct images complexes of f and g by checking over the generic point of B. Such an isomorphism of sheaves, after passing to the Frobenius traces on stalks, implies the identity above, which was the fundamental lemma conjectured by Jacquet and Rallis.
Hitchin moduli stack and Shtukas
In this section we consider automorphic objects that arise as cohomology classes of moduli stacks of Shtukas, which are the function-field counterpart of Shimura varieties. These cohomology classes generalize the notion of automorphic forms. The periods and relative traces have their natural analogues in this more general setting. Hitchin-type moduli stacks continue to play an important role in the study of such relative trace formulae. We give a survey of our recent work [27] , [28] on higher Waldspurger-Gross-Zagier formulae and [29] on the arithmetic fundamental lemma, which fit into the framework to be discussed in this section.
Moduli of Shtukas.
In his seminal paper [6] , Drinfeld introduced the moduli of elliptic modules as a function field analogue of modular curves. Later in [7] , Drinfeld defined more general geometric object called Shtukas, and used them to prove the Langlands conjecture for GL 2 over function fields. Since then it became clear that the moduli stack of Shtukas should play the role of Shimura varieties for function fields, and its cohomology should realize the Langlands correspondence for global function fields. This idea was realized for GL n by L.Lafforgue [14] who proved the full Langlands conjecture in this case. For an arbitrary reductive group G, V.Lafforgue [15] proved the automorphic to Galois direction of the Langlands conjecture using moduli stacks of Shtukas.
3.1.1. The moduli of Shtukas. The general definition of G-Shtukas was given by Varshavsky [21] . For simplicity of presentation we assume G is split. Again we fix an open subgroup K ⊂ K 0 , and let N ⊂ |X| be the finite set of places where K x = G(O x ). Choosing a maximal split torus T and a Borel subgroup B containing T , we may therefore talk about dominant coweights of T with respect to B. Let r ≥ 0 be an integer. Let µ = (µ 1 , · · · , µ r ) be a sequence of dominant coweights of T . Recall dominant coweights of T are in bijection with relative positions of two G-bundles over the formal disk with the same generic fiber.
Let Hk µ G,K be the Hecke stack classifying points x 1 , · · · , x r ∈ X − N together with a diagram of the form
where E i are G-bundles over X with K-level structures, and f i :
is an isomorphism compatible with the level structures whose relative position at x i is in the closure of that given by µ i .
A G-Shtuka of type µ with level K is the same data as those classified by Hk µ G,K , together with an isomorphism of G-bundles compatible with K-level structures
Here, τ E 0 is the image of E 0 under the Frobenius morphism Fr : Bun G,K → Bun G,K . If we are talking about an S-family of G-Shtukas for some k-scheme S, E 0 is a G-torsor over X × S, then τ E 0 := (id X × Fr S ) * E 0 . There is a moduli stack Sht µ G,K of G-Shtuka of type µ, which fits into a Cartesian diagram
Let us observe the similarity with the definition of the (group version of) Hitchin stack in diagram (2.8): the main difference is that we are replacing the diagonal map of Bun G,K by the graph of the Frobenius.
Recording only the points x 1 , · · · , x r gives a morphism
The datum µ is called admissible if i µ i lies in the coroot lattice. The existence of an isomorphism (3.1) forces µ to be admissible. Therefore Sht 
Here π runs over cuspidal automorphic representations of G(A) such that π K = 0, ρ π is the G-local system on X − N attached to π by the Langlands correspondence, and ρ µ i π is the local system obtained by the composition
where V (µ i ) is the irreducible representation of the dual group G with highest weight µ i .
One approach to prove (3.3) is to use trace formulae. One the one hand, consider the action of a Hecke operator composed with a power of Frobenius at some x ∈ |X| − N acting on the geometric stalk at x of the left side of (3.3), which is IH * c (Sht µ G,K,x ). The trace of this action can be calculated by the Lefschetz trace formula, and can be expressed as a sum of twisted orbital integrals. On the other hand, the trace of the same operator on the right side of (3.3) can be calculated by the Arthur-Selberg trace formula, and be expressed using orbital integrals. The identity (3.3) would then follow from an identity between the twisted orbital integrals and the usual orbital integrals that appear in both trace formulae, known as the base-change fundamental lemma.
The difficulty in implementing this strategy is that Sht 
where [P ] runs over associated classes of parabolic subgroups of G. The support of IH * c (Sht
should be described using the analogous quotient of the Hecke algebra H N L for the Levi factor L of P , via the Satake transform from the spherical Hecke algebra for G to the one for L. If G is semisimple, the part IH * c (Sht
In the simplest nontrivial case G = PGL 2 we have proved the coarse decomposition.
3.1.5. Theorem ( [27] , [28] ). For G = PGL 2 , consider the moduli of Shtukas Sht r G without level structures of type µ = (µ 1 , · · · , µ r ) where each µ i is the minuscule coweight. Then there is a decomposition of Hecke modules We expect the similar techniques to work for general split G and general type µ. Assume we have an analogue of the above theorem for G. Let π be a cuspidal automorphic representation of G(A) such that π K = 0, then C c (K N 0 \G(A N )/K N 0 , Q ℓ ) acts on π K by a character χ π up to semisimplification. Suppose χ π does not appear in the support of IH * c (Sht µ G ⊗ k) [P ] for any proper parabolic P (in which case we say χ π is non-Eisenstein), then the generalized eigenspace IH * c (Sht 
Fix an integer r ≥ 0. Let λ = (λ 1 , · · · , λ r ) be an admissible sequence of dominant coweights of H; let µ = (µ 1 , · · · , µ r ) be an admissible sequence of dominant coweights of G. To relate Sht λ H to Sht µ G , we need to impose more restrictions on λ and µ. For two coweights µ, µ ′ of G we write µ ≤ G µ ′ if for some (equivalently all) choices of a Borel B ′ ⊂ G k and a maximal torus
is the unique dominant coweight of T ′ conjugate to µ (resp. µ ′ ).
We assume that λ i ≤ G µ i for 0 ≤ i ≤ r. In this case there is a natural morphism of Hecke stacks θ Hk : Hk which we call a Heegner-Drinfeld cycle.
3.2.2.
Example. Consider the case G = PGL 2 , and H = T is a non-split torus of the form T = (Res F ′ /F G m )/G m for some quadratic extension F ′ /F . Since T is not a constant group scheme over X, our previous discussion does not directly apply, but we can easily define what a T -Shtuka is. The quadratic extension F ′ is the function field of a smooth projective curve X ′ with a degree two map ν : X ′ → X. Let λ = (λ 1 , · · · , λ r ) ∈ Z r with i λ i = 0, we may consider the moduli of rank one Shtukas Sht λ GL 1 ,X ′ over X ′ of type λ. We define Sht λ T to be the quotient Sht λ GL 1 ,X ′ /Pic X (k), where the discrete groupoid Pic X (k) is acting by pulling back to X ′ and tensoring with rank one Shtukas. It can be shown that the projection Sht λ T → X ′r is a finiteétale Galois cover with Galois group Pic X ′ (k)/Pic X (k). In particular, Sht λ T is a smooth and proper DM stack over k of dimension r. Now let µ = (µ 1 , · · · , µ r ) be a sequence of dominant coweights of G. Then each µ i can be identified with an element in Z ≥0 , with the positive coroot corresponding to 1. Admissibility of µ means that i µ i is even. The condition λ i ≤ G µ i is saying that |λ i | ≤ µ i and that µ i − λ i is even. When λ i ≤ G µ i for all i, the map θ : Sht λ T → Sht µ G simply takes a rank one Shtuka ({E i }; {x ′ i }) on X ′ and sends it to the direct image ({ν * E i }; {ν(x ′ i )}), which is a rank two Shtuka on X.
3.2.3. Periods. Fix a Haar measure µ H on H(A). Under a purely root-theoretic condition on λ and µ, θ * induces a map
, and therefore defines a period map
The last map above is the cap product with the fundamental class of Sht λ H followed by multiplication by vol(K H , µ H ). Now assume Sht
Let π be a cuspidal automorphic representation of G(A). To make sense of periods on π, we assume for the moment that the contribution of π to the intersection cohomology of Sht µ G,K is as predicted in (3.3). Restricting P G,µ H,λ to the π-part we get
As we expect ρ µ i π to be pure, the above map should factor through the pure quotient of H
π ) (the cohomology of the middle extension of ρ µ i π ), and which does not change after enlarging N . Now shrinking K and passing to the direct limit, we get
which is the analogue of the classical period (2.12). Again P G,µ H,λ,π should factor through the coinvariants π H(A) ⊗ (· · · ).
3.3. Shtuka version of relative trace formula.
3.3.1. The setup. Let H 1 and H 2 be reductive subgroups of G over k. Fix an integer r ≥ 0. Let λ = (λ 1 , · · · , λ r ) (resp. κ and µ) be an admissible sequence of dominant coweights of H 1 (resp. H 2 and G). Assume that λ i ≤ G µ i and κ i ≤ G µ i . In this case there are natural morphisms
With the same extra assumptions as in Section 3.2.3, we may define the periods P G,µ H 1 ,λ,π and P G,µ H 2 ,κ, π (where π is the contragradient of π). We expect the tensor product P G,µ
given by the cup product (the local systems ρ µ i π and ρ µ i π are dual to each other up to a Tate twist). Assuming this, we get a pairing P G,µ We can also define a Hecke correspondence for Hk G,K 0 gK 0 as the moduli stack classifying x 1 , · · · , x r ∈ X and a commutative diagram of rational isomorphisms of G-bundles over X
(1) The top and bottom rows of the diagram give objects in Hk µ G over (x 1 , · · · , x r ) ∈ X r ; (2) Each column of the diagram gives an object in Hk G,K 0 gK 0 , i.e., the relative position of ϕ i is given by K 0 gK 0 for 0 ≤ i ≤ r.
Continuing with the heuristics, the intersection number 
The equal sign above is in quotation marks for at least two reasons: both sides may diverge; change of the order of intersection needs to be justified. 
which simply says that Sht
The action of [Hk
can be localized to an action on the complex Rh G H 1 ,H 2 ,! Q ℓ using the formalism of cohomological correspondences. Then we may rewrite (3.10) as
where a runs over B G is the self-intersection number of the cycle class Z λ T,π .
• π F ′ is the base change of π to F ′ = k(X ′ ).
• L (π F ′ , s) = q 4(g−1)(s−1/2) L(π F ′ , s) is the normalized L-function of π F ′ such that L (π F ′ , s) = L (π F ′ , 1 − s).
In [28] , we extended the above theorem to allow the automorphic representation π to have square-free level structures (which means the local representations π v are either unramified or an unramified twist of the Steinberg representation), and to allow ramifications for the double cover ν : X ′ → X. We consider the moduli stack Sht r G (Σ; Σ ∞ ) where Σ is a finite set of places where we add Iwahori level structures to the G-Shtukas; Σ ∞ ⊂ Σ is a subset of places where we impose supersingular conditions. The admissibility condition forces r to have the same parity as #Σ ∞ .
Theorem ([28])
. Let π be a cuspidal automorphic representation of G(A) with square-free level Σ. Assume the double cover ν : X ′ → X is unramified over Σ. Let Σ ∞ ⊂ Σ be the places that are inert in F ′ . Let r ∈ Z ≥0 be of the same parity as #Σ ∞ . Then for any r 1 , r 2 ∈ Z ≥0 such that r 1 + r 2 = r, there is an explicit linear combination Z 
where
• N = deg Σ, and ρ is the degree of the ramification locus of ν.
• L (π, s) = q (2g−2+N/2)(s−1/2) L(π, s) is the normalized L-function of π such that L (π, s) = L (π, 1 − s).
• η F ′ /F is the character of F × \A × corresponding to the quadratic extension
When r = 0, the above theorem is a special case of the Waldspurger formula [22] , and our proof in this case is very close to the one given by Jacquet [11] . When r = 1 and #Σ ∞ = 1, the above theorem is an analogue of the Gross-Zagier formula (see [9] ) which expresses the first derivative of the base-change L-function of a cuspidal Hecke eigenform in terms of the height of Heegner points on the modular curve. However our proof is very different from the original proof of the Gross-Zagier formula in that we do not need to explicitly compute either side of the formula.
3.4.3.
Relation with the B-SD conjecture. Theorem 3.4.2 is applicable to those π coming from semistable elliptic curves E over the function field F . The relation of our result and the BirchSwinnerton-Dyer conjecture for E can be roughly stated as follows. Take r to be the vanishing order of L(E F ′ , s) = L(π F ′ , s − 1/2) at s = 1. According to the expectation (3.3), Z λ T,π is an element in π K ⊗ H 1 (X ′ ⊗ k, j ! * ν * ρ π ) ⊗r . The 2-dimensional ℓ-adic Galois representation ρ π attached to π is the Tate module of E, therefore L(E F ′ , s) = det(1−q −s Frob|H 1 (X ′ ⊗ k, j ! * ν * ρ π )). The standard conjecture predicts that the Frobenius acts semisimply on H 1 (X ′ ⊗ k, j ! * ν * ρ π ), hence the multiplicity of the Frobenius eigenvalue q should be r. We expect Z λ T,π to lie in π K ⊗ ∧ r (H 1 (X ′ ⊗ k, j ! * ν * ρ π ) Fr=q ), and giving a basis for this hypothetically 1-dimensional space. However, currently we do not have a way to construct rational points on E from the HeegnerDrinfeld cycle Sht 
